Abstract. Here we study the singular anharmonic potentials by applying the analytic continuation method of Holubec and Stauffer. In order to do that we have developed several approximations to the problem, because this method cannot be applied when the solution has essential singularities &any point of its domain. All the options here shown have the same precision, giving us the eigenvalues correct to all the decimal places provided by the computer.
Introduction
There are a number of cases where the use of singular potentials is of interest physically and mathematically 11-41. It is known the difficulty in obtaining accurate solutions and eigenvalues to the Schrodinger equation when the potential has singularities stronger than r-z. Some of these potentials appear in quantum physics and are the so called anharmonic singular potentials [2-71 which, in general can be written as where r E [0, CO), the parameters a . are positive real numbers and, at least one 'of them is greater than 2. Also;much attention has beenpaid to the perturbative solution of the spiked harmonic potential [8, 9] 
defined as (2)
where a is a positive real number. If a > 2 the eigenfunctions must take the value zero at the origin and then we can look this problem as a particular case of (1) in the s-wave.
Different methods have been used in order to solve the anharmonic singular potential, such as numerical integration of the differential equation I6,9], perturbative schemes specially developed for this type of potential [I, 2,4,10] , and variational methods [7,9,1 I]. The perturbative approximation has been studied pahcularly extensively because of the difficulty in applying it. The reason lies in that no one terms in the potential dominates over the others: the rz term is more important for large values of r and the terms are much larger near the origin. So, only when the parameters b, are quite small is the convergence of the series expansion acceptable. Also, perturbative expansions have been performed which give good results for large values of the coupling parameter [9] . In any case, none of the methods used to obtain the eigenvalues allows us to obtain a precision greater than six or seven decimal places.
Neither do classical numerical integration methods work with the precision that they provide where the potential is less singular. This is because, as Killinbeck stated [6], the exact wavefunction has an essential singularity at the origin when the potential is of the type given by (I) , and the energy of the bound states has an anomalous behaviour in terms of the integration step, such as occurs with the Numerov method. One can use the more elementary method of discretization for the second derivative, thus avoiding all these problems, because in this way we do not have to evaluate the potential at the origin [12] . In any case, it is known that to obtain the energy to six decimal places one must use a mesh with 80.000 points [9] . In any case, it is the essential singularity of the eigenfunction at the origin that prevents all these methods from working adequately.
There is another method 1131, based on the analytic continuation of the solution of a differential equation, which has been shown to be very efficient in obtaining eigenvalues of Schrodinger operators for different potentials when these do not generate essential singularities on the eigenfunction 113-151. In fact this is an analytic method and allows one to obtain the eigenenergies correct to all the significant digits provided by the computer. However, when the potential is such that the corresponding eigenfunctions have essential singularities, one is not able to apply this method because it is not possible to use the analyticity of the eigenfunction in the neighbourhood of -z = 0. The aim of this work is to show how the method of analytic continuation can be applied in these above-mentioned cases. As we shall see below, the results obtained will have a precision similar to those where no essential singularities are present, i.e. we shall obtain a precision equal to all the decimal places that the computer provides.
Analytic continuation and essential singularities
We shall describe in this section the more important characteristic of the analytic continuation method when applied to the eigenvalues determination. A more detailed description can be seen in [13, 14] . Our problem is to find the eigenvalues of the Schrodinger radial operator which we write as
where we have used z instead r to extend the differential equation to the complex plane, although we are only interested in the solution on the positive real line. We use units hZ/2m = 1.
The eigenfunction u(E, z ) must d i s f y the conditions u(E,O) = 0 and u(E,co) = 0.
When the potential is regular or it has, at most, a pole of second order at, for example, the origin, the solution can be expressed as where f(z) is an analytical function, which can he expanded in a Maclaurin series, obtaining
The analytic continuation method uses the analyticity property of f(z) which allows us to expand it around different mesh points zl, . . . , zm. . . . that lie on the positive real line as It is also necessary to have an expansion for V ( z ) in the neighbourhood of each mesh point:
and, in order to work numerically, we must truncate this series at a term N, in such a way that the value of the truncated series coincides with V ( z ) within the precision of the computer. Likewise the expansion for f(z) around any mesh point must be also truncated at a term Ns. We shall take this parameter in such a way that the function will be correctly described between the points z, ,
, and zm+, and therefore the final results will not be affected for this choice of NS. It is clear that the value of this parameter is a function of the distance between two consecutive mesh points, 6,.
The coefficients ax(E) of (5) are determined for each E from the differential equation, together with the boundary condition u ( E , 0) = 0. The Q ( E ) of (6) are also obtained from the differential equation and from the continuity of both the function u(E, z ) and its first derivative at the mesh point zm. Note that the expansion about 21 is directly connected to the expansion about 20. This manner of connection allows us to propagate the boundary condition at the origin and one obviously requires that the point zm be inside the circle of convergence of the expansion made about the point zm-].
Finally, to obtain the eigenenergies we impose the condition that u(E, z) goes to zero in the limit z + CO. This will be done in the following manner: for any value of E the asymptotic solution of the differential equation can be expressed in terms of two linearly independent asymptotic solutions u Z ( E , 2):
u(E, Z) '= A;(E)uT(E, Z) + A+(E)u?(E, Z)
(8) where u Y ( E , z) decreases to zero and u?(E; z ) increases to infinity when z increases, and, in addition, these functions are known. The coefficients A*(E) are determined by imposing continuity on both the function and its first derivative at'a point R, far away.the origin. The solution for r 2 R, is given by (8) and for r < R, the solution is that obtained by means of analytic continuation. The bound states correspond.to the cases for which the coefficient A+(E) is zero.
Let us comment here that it is possible to obtain the eigenvalues by imposing the condition u(E, R,) = 0. The precision obtained for the eigenvalues by using this condition, and for potentials of different type, is the same as that obtained by imposing the more correct condition that the coefficient A + ( E ) must equal zero [15] . This same has been checked in this work, when the potentials are highly singular. However, the wavefunction obtained in this way does not have a correct asymptotic behaviour.
When the potential in the radial Schrodinger equation has singularities stronger than F2 the method of analytic continuation cannot be applied directly, because the solution u ( E , I ) has an essential singularity at the origin. So, the first thing to do is to avoid it altogether or to minimize in an adequate manner the effects that this singularity has on the solutions. Several options are presented in this work, all leading to results with the same precision as those obtained where the potential is less singular [13-151.
The first option, upon which we will focus our attention, consists of approximating the required potential by
Here R, is a new parameter that we shall take in such a way that we obtain stability in the eigenvalues. For small values of R, we have V ( r ) 2 V&, Rc), and this potential does not have singuladies. Thus we can apply the analytic continuation method directly and the eigenvalues obtained by solving the radial Schrodinger equation with this new potential V&, RJ will be lower bounds on the exact eigenvalues associated with the potential V ( r ) .
In addition, the new potential satisfies V&, R,) < V&, R;) if R, >, R:. So by decreasing the parameter Re we increase the corresponding eigenvalues, thus approaching the exact ones. This is the easier way of avoiding the essential singularity of the exact wavefunction.
It is clear that we need to use quite small values of R, and work near the point where the eigenfunction has the singularity. This~is the more delicate point because it is necessary to do analytic continuations when r c R, with a very small step, say 6, = RJ10. Once we reach the point R,, we can progressively increase the step 6, by multiplying it by a factor A until we reach the maximum value of the step, 8,. We must be careful at the point Rc, where the potential V'(r, Rc) has discontinuous derivatives. Therefore the point Re must be a mesh point, keeping in mind that we are performing the analytic continuation from th6
origin to larger values of r .
The second option consists of approximating the required potential by
For this potential the initial condition at the origin must be changed by the condition u ( E , z = Rc) = 0 and we must take R, as the first mesh point. Note that V ( r ) < Vl(r, R,)
for any R, and that VI(^, Re) >, VI(^, R;) if R, 2 RL. So by applying the analytic continuation method to the potential VI (r, R,) with the aforementioned initial condition
we shall obtain a set of upper bounds on the exact eigenvalues. These upper bounds will approximate to the exact values as the parameter R, becomes smaller. Finally, the third option can be applied when we know the behaviour of the wavefunction near the origin analytically. This is the case of the potentials given by (1) for which the solution for small values of r is where the parameters b and depends on the smaller exponent and the corresponding coefficient of the potential in (I). Thus we know the value of the wavefunction and of its derivatives at a point Rc > 0 and then from this we can start the process of analytic continuation. This requires that the analytical expression for the eigenfunction is numerically acceptable at the point R,.
We shall see below that all these methods give us the same results for the corresponding eigenvalues when the parameter R, is,,sufficiently small. These methods include a set of parameters that we shall now enumerate. They must be fixed by requiring stability in the results obtained and they are as follows: R, is the value which defines the new potentials V, and V I . When R, becomes smaller we must obtain better values for the eigenvalues. R, is the point where we connect the function obtained by mean of the analytic continuation and the asymptotic one. 6, is the initial step, around the point R,. 6, is the final step. We go from 8, to 6, by multiplying by a factor A, that is another parameter.
N, and Ns give us the number of terms that we take in the expansion of V ( z ) and f(z), respectively. They must be sufficiently large in order that the results do not depend on them.
Results
To~analyse the precision of the methods proposed here, we compare our results with some special case for which~both the eigenvalue and the eigenfunction are known analytically. This is the case for the potential given by a b
with a = b = 1, which has been studied by Znojil 
and we can obtain the eigenvalue E = 5 working with any of the options presented here. 5.0W' OOO 000 000 000 5.000 000 000 000 000
The parameter R, defines the family of potentials that we have used. In table 1 we analyse the behaviour of the different options here proposed in terms of R,, once the other parameters have been fixed. We denote the eigenvalues obtained with the different options by the symbols Ei, i = 1,2,3. One can notice how the lower, El, and upper, Ez. bounds on the exact eigenvalue approach it when the parameter R, decreases. When this parameter is small enough the numerical results coincide with the analytical one within the precision of the computer. As can also be seen the same occurs with the third method.
Once we have established that all the options give us the results with all the digits correct, in the next tables we shall write the eigenvalues obtained with the first option. In table 2 we show the value of the energy for the ground state of the potential given by (1) and for several cases studied in the literature by using different approximation methods. In all cases the analytical continuation method works to maximum precision, independently of the values of the potential parameters. This clearly shows that we may use this method for any kind of singularity in the potential andor wavefunction. Note that we have improved significantly the best previous results for all the potentials.
Finally in table 4 we illustrate the applicability of the method to the problem of obtaining the energies of different excited states. In particular the energies of the four first excited states in l-wave of (i) the anharmonic singular potential with b4 = 1 and bg = 0.8 (upper part of the table), and of (ii) the spiked potential with (Y = and A = 0.01 (lower part) are shown. The precision obtained is the same that for the ground states, working with the same set of free parameters. 
Conclusions
We have shown how the analytic continuation method, which can only be applied where the solution does not have essential singularities, can also be applied in this case by introducing a family of non-singular potentials which depend on a parameter Rc and which tend to the exact potential as R, tends to zero. The application of the standard method to this family of potentials allows us to obtain eigenvalues, which approach the exact ones as the potential does.
Although we have also introduced a third analytical option (only applicable in some cases), the best way of studying the eigenvalue problem for any potential is by using one of the two first methods, because we approach to the exact result from below or from above, and their results can be considered as lower or upper bounds on the exact eigenvalue.
This method is very simple to apply as a standard numerical method, its speed also being similar. Note that it is not necessary to work with equally spaced mesh points, although this is easier. In fact we needed to work with a very small step near the singularity, increasing it as we move away.
Finally let us comment here that the method can be applied to potentials with more than one singularity, working in a similar way as we have done when the potential is singular at the origin.
